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Abstract: In this paper, we study the strong limit properties of the PA sequence, the NA sequence, 
the strongly positive dependent (SPD) sequence and the martingale difference sequence. 
By using the maximal moment inequalities of the NA sequence, the demimartingale se- 
quence and the truncated method of random variables, we obtain the strong law of large 
numbers, the strong convergence rate and the integrability of supremum for the afore- 
mentioned dependent sequences. This study not only generalizes the strong law of large 
numbers for independent sequences to the case of dependent sequences, but also obtains 
their convergence rate. 
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1 Introduction 


Let X1, X2,--- , Xn denote a sequence of random variables defined on a fixed probability 
space (Q, F, P). 


Sn => Xi, So=0, X* = max(0,X), X~ =max(0,—X), 


and JA is the indicator function of set A. Strong law of large numbers (SLLN) for random 
variables has often been concerned, for example, Yang et all!! obtained the SLLN for positively 
associated (PA) sequence and negatively associated (NA) sequence. The main purpose of this 
paper is to establish the SLLN, strong growth rate and the integrability of supremum for 
some dependent sequences (such as PA sequence, NA sequence, strongly positive dependent 
(SPD) sequence and martingale difference sequence) by using the general method to prove 
the SLLN:3], In addition, we give an example which satisfies the conditions of the proposed 
Theorem 2.1, Theorem 2.2 and Theorem 2.4 (for ¢(x) = z?, by = k). 

In many mathematic and mechanic models, assumptions of dependent random variables in 
the models are more reasonable than the case of independent random variables. Therefore, 
some dependent sequences have received more and more attention. For example, the concept 
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of the PA sequence was introduced by Esary, Proscan and Walkup'4]. Newman and Wright!’ 


introduced the concept of demi (sub) martingle, and pointed out that the partial sums of a 
mean zero PA sequence is a demimartingale. It can be checked that a martingale is a demi- 
martingale. Many authors have studied the properties about demimartingale. For example, 
Newman and Wrighti”! extended the Doob’s maximal inequality for martingale to the case 
of demimartingale; Christofides! extended the Chow’s maximal inequality of submartingale 
to the case of demisubmartingale, Hu et alll studied the strong growth rate for martingale 
and demimartingale, etc. Joag-Dev and Proschan!7! introduced the concept of NA sequence, 
Matula!®] extended the three series theorem to this case, and Shaol?! obtained the moment in- 
equalities for it. Zheng!) gave the definition of SPD sequence and obtained some inequalities 
for it. Based on the inequality (3) in [10] and the definition of demimartingale, it is easy to see 
that the partial sums of a mean zero SPD sequence is a demimartingale. For other dependent 
sequences such as -mixing sequence and ¢-mixing sequence, the reader can refer to Utev and 
Peligrad!!1], Wu!!2] or Wang et all!3l, respectively. Now, we give a lemma as follows: 

Lemma 1.1 Let {Xi}i>1 be a sequence of random variables and 01, b2,--- be a nonde- 
creasing sequence of positive numbers. Suppose that ¢: R > R* is an even function which is 
nondecreasing on [0,00), and z?/(x) is nondecreasing on [0, 00) for some p > 0. Then 


E\X;|? < ep Se tS tol hy E|IX:PI(X: > b:)], i21. 


Proof Under the conditions of Lemma 1.1, we can get that 


xP — (Xa) 
oP < (bi) * for |X| < bi 








Therefore 


E|X;|? 


i! 


Op E (|Xil”/0P) 1(|Xa] < b:)] + ELP (IX: > t:)] 


‘ (bi) + E[|X,|P1(|Xi| > b:)]. 


lA 


2 Main results 


Theorem 2.1 Let {X,,}n>1 be a mean zero PA sequence and b1, b2, +++ be a nondecreasing 
unbounded sequence of positive numbers. Suppose that ¢: R — Rt is an even function which 
is nondecreasing on [0,00), and z?/(zx) is nondecreasing on [0, 00). If 


oo 
Cov( Xx, Sk) os 





a Ron i 
S Elb( Xn) (Xl < bx) 
D Alor) ii @) 
then 
lim Sn = 0, a.s., (3) 
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with the growth rate 


Sn 4fBn 
ba = oe): a.S., (4) 
where 
Bn = max bv? ?, YO<S<l, m=S°%, lm &=0 (5) 
n skín F? aaa b2? n= by 


Qk = 8Cov(Xk, Sk— 1) + 4b E1P(Xe I Xel bx) + 4E[ X21 (|X; > bi.) ], k> 1, (6) 


(bk) 
and for al 0 <r <2, 

IPX XE] < bx) 

B(sup |p|’) S14 g D (TELE el 
P? a > bk)] 4 gov Sea) oes, (7) 

k bj, 
Sn aa co 1) 
B(sup (FN) 10 yop secs 
q EXA] < bx)] q EXENIX:l > bk)] 

e) ee eee” ae) 


Proof Since {Xn}n>1 is a mean zero PA sequence, {S,}n>1 is a demimartingale. Ac- 
cording to Corollary 2.1 and Lemma 2.1 of Christofides’, {($+)?},31 and {(S7)? Jazi are 
demisubmartingales. So based on the definition of demisubmartingale, for j =1,2,---, it has 


E(S},1)? > E(S}},  E(S;,,)? = ECS}, 
which implies 
ESP = $f) = E(Sfa)? — ESFY? + B(S)? — (SF)? > 0. 


Notice that 





p Elo (XM (|X1] < 61)] 
olb) 


E(XkSk-1) = Cov(Xk, Sp_1). 


a, =4 + 4E[X?7I(|Xi| > b1)] = 0, 


Thus, based on (6) and Lemma 1.1, for k > 2, it follows that 
0< E(S? = SF se) = E{(Sk _ Se—1) (Sk + Sr—1)} 


E{Xp(2Sp-1 + Xz)} = 2E(XkSk-1) + EX? 


2 E[O(Xx)I(Xk| < be) 
b(bx) 
1 


= g% (9) 


< 2Cov(Xxk, Sk-1) + b2 + E[XI(|Xk] > be)] 
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Next, by virtue of (1), (2), (9) and Lemma 1.4 (with p = 2) of [3], we obtain that 


E( max |Si|)? < 4ES2 = aY EIR- Ra) Y or nal, (10) 
k=1 k=1 

5 zo >» eae ae 1) 

k=1 


El¢(Xx)I(|Xx| < br)]  ElXR1(|\X«| > bx)] 
+ E 4+ Sk ee b? } < 00 


Therefore, (3)-(6) and (8) follow Lemma 1.5 of [3]. 
Now, we prove (7). For all 0 < r < 2, t > 0, by (1), (2), Lemma 1.1 and Theorem 2.2 of 
[14], it has 


(11) 


P(sup| 2| >t) 


n21 


IA 








„Jim P( max 1eneNn Fe bn 2] 7 t) < eA t2/r a{ 5 aa a De ea Sn aa} 


2 v(Xk, S 
2 a eS ool a oe 4202 Ti k- =. 


which implies that 


B(s) = [ P(e] >#)ae 
| P(sup| zl >t)at+ f P( (sup| Z|" > t)ar 


Elo(Xe)I Xe] < be) | ELXELUX«e| > bk) oCV (Xk: Sk—-1) [4-2/2 
ray {ea eas i eet te Le LE a 5 ae aaa kal if t-2/"dt 


Il 


IA 


H 


2r A f Elb(Xu)I(|Xel < bx) EXEL Xe > bx) | o Cov(Xks Sk-1) 
ae eee ee “a R 


Remark 2.1 In the Theorem 3.1 of [1], they got the strong law of large numbers (SLLN) 
for PA sequence. In this paper, we obtain the SLLN, strong growth rate and the integrability 
of supremum for PA sequence. Let ¢(x) = |x|? in Lemma 1.1, we can get that 


p < pL lo(Xe)L(1Xx| < bx) 
E| X| Me  aaas 


In addition, if the condition (1) holds, then for ¢(z) = z?, 


E[|Xx|PI(|X«| > be)] = EXP. 


SO Fl b( Xe) Xul S be] _ So ELXEL( Xa! < be] 
2 (bx) 7 3 b? So 
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Hence, by taking (z) = x? in Theorem 2.1, we can obtain Theorem 3.1 of Hu et al! imme- 
diately. 

Theorem 2.2 Let {Xn}n>1 be a mean zero SPD sequence, and bj, b2,--- be a nondecreas- 
ing unbounded sequence of positive numbers. Suppose that ¢: R — Rt is an even function 
which is nondecreasing on [0, 00), and z?/¢(x) is nondecreasing on [0, 00). Assume further that 
(1) and (2) are satisfied, then (3)-(8) hold true. 

Proof By inequality (2) in Zheng’, we have Cov(X;, Xx) = EX;X, — EX;EXx > 0 for 
all j, k > 1. Since EX, = 0, by inequality (3) in Zheng”, for all n > 1, we can see that 


E{f(Si,- Ts s Sn)(Sn41 = Sn)} 
= E{f(X1, Xi + Xoq,--- , X41 +X2 +- + Xn) Xnii} >0 


for all coordinatewise nondecreasing functions f such that the expectation is defined. So 
{Sn}n>1 is a demimartingale. Similar to the proof of Theorem 2.2 of Hu et alll4], we can 
obtain the Hdjek-Rényi-type inequalities (2.4) and (2.5) in Hu et all!4] for the mean zero SPD 
sequence with EX? < oo, n > 1. Thus, we can get the results of Theorem 2.2 immediately 
from the proof of Theorem 2.1. 
Theorem 2.3 Let {Xn}n>i be a mean zero NA sequence with E|X,|? < oo, n>=1,1< 
p < 2, and b1, b2,- -- be a nondecreasing unbounded sequence of positive numbers. Assume that 
@: R — R* is an even function which is nondecreasing on [0, 00), and z?/¢(zx) is nondecreasing 
on [0, 00). If 
pp oe > de)] 266: (12) 
k=1 k 


and (2) is satisfied, then (3) and (4) hold true, where 








Bn = max, bav? P, VO<6<1, lm & =o, (13) 
= E(X H(X] < b E| Xk PI( X. b 
= 93 >l [o( eels k)] F [Xxl a > a (14) 
and 
È Elo(Xn)1(\Xel < bx)] | EllXkPI(Xk] > bx) 
B(s) < < 25- 2 SGA + bP \ <œ. (15) 


Proof Since 
-p S pp ElO(X E) (| Xk] < bx) 
r= 2P pp et 
i { (bk) 
by (2), (12), the inequality (1.6) in Theorem 2 (for 1 < p < 2) of Shao’! and Lemma 1.1, we 


have 


E[|X«IPT(Xel > bx)] } > 0, 


E( max Sil yPs2PS EXP < doo, nai, (16) 





> $ S >> (EAE < br)] + er Z a <o. (17) 


k=1 
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Hence, by Lemma 1.5 of [3], we can get (3), (4) and (13)-(15) immediately. 
Corollary 2.1 Let {X;}n>1 be a mean zero NA sequence. If 

















co X2 
D <o, (18) 
k=l k 
then (3) and (4) hold true, where 
5/2 ot ie E EX? 
Pa = max bev, VO<d6<1, N m= 25" BR (19) 
and 
(sup ||" \<1 ye <œ, for 0<r<2, (20) 
n>1 
EX? 
E( su <8 zE < 00. 21 
(s) (21) 


Proof By Remark 2.1, we can find that conditions (2) and (12) are equivalent to the 
condition (18) if (z) = x? and p = 2. Then by Theorem 2.3, it is easy to get (3), (4) and (21). 
Next, by (18) and the inequality (3.9) of [15], for all 0 < r < 2, we can obtain (20) immediately 
from the proof of (7). The proof is omitted here. 

Remark 2.2 In Theorem 4.1 of [1], they got the strong law of large numbers for NA 
sequence. Here, we obtain the strong law of large numbers, strong growth rate and integrability 
of supremum for NA sequence. Similarly, by Remark 2.1, let (x) = |x|? in Theorem 2.3, we 
can get Theorem 3.1 of [2], where the conditions (2) and (12) are equivalent to 


 E|Xel? 

ay dieses 

k=1 k 

Theorem 2.4 Let {Xn}n>1 be a martingale difference with respect to the filtration 

{Fn}n>1, where the o-field Fn is generated by random variables X,,X2,---,Xn. Suppose 
that EX? < oo for each n. Let bj,b2,--: be a nondecreasing unbounded sequence of positive 
numbers, and ¢: R — Rt be an even function which is nondecreasing on [0, 00), and z?/¢(x) 
is nondecreasing on [0, co). If 


oo 2 
k=1 k 
and (2) is satisfied, then (3) and (4) hold true, where 
6/2 Ok B 
= = Qk wm Pt = 
Bn = max, bkv, VO<6 <1, v= jim, 5 = (23) 
E(X) (| Xk] < b 
ak = ang OATS h] + 4E[XZ1(|Xi| > be)], k21, (24) 


(bx) 
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and for allO <r < 2, 





an jer) Jee a 2 eee a < by), ELXRIXe| > bed) Bde 





n21 (br) b2 
Sn\? ©, Blb(Xn)L(|Xe| < br)) |, ELXRIC Xx] > be)! 
B(s (3) ) s18 04 pbr) roe peer 


Proof It is known that if {Xn}n>1 is a martingale difference sequence, then {Sr}n>1 isa 
martingale and a demimartingale. Notice that 


ar = 4b? FOUA Se) | ae x21(|Xe| > bx)] 2 0, 


and for j < k, E(X;Xx) = E|X;E(Xx|Fk-1)] = 0. Then by (2), (22), Lemma 1.4 (with p = 2) 
of [3] and Lemma 1.1, for n > 1, it follows 





E( max |Si|)” < 4ES2 =4 > E(S% - Sk-1) 


1<l<n 
k=1 
= 53 {2E(XkSk~1) + EX} < ye (27) 
k=1 k=l 
an gS f BIKA) Xe < bx), EIXBIXeL > ba) 
ye aes lbr) ea }<oo (28) 


Therefore, (3), (4), (23), (24) and (26) follow from Lemma 1.5 of [3]. Next, we prove (25). It is 
easy to see that {} k= Ft Jnz1 is a martingale sequence and a demimartingale sequence. Since 
{bn }n>1 is a nondecreasing sequence of positive numbers, then for all £ > 0, it has 


k n 
(mes [P| 20) c (max, mex Zle) 


ji 


k f irl g 
Sea € (max, || > «/2), 


(or see p228-229 in [15]). Hence, by Corollary 2.1 (with v = 2) of [14] and Lemma 1.1, for all 
0 <r < 2, we can obtain (25) immediately from the proof of (7). The details are omitted here. 
It can be seen that the conditions (2) and (22) are equivalent to the condition (18) if 
p(x) = z?. Thus, we have the following corollary. : 
Corollary 2.2 Let {Xn}n>1 be a martingale difference with respect to the filtration 
{Fn}n>1, where the o-field Fn is generated by random variables X;,X2,--: , Xn, and bı, ba, 





= ( max 
1<i<k<n 


be a nondecreasing unbounded sequence of positive numbers. If (18) is satisfied, then (3), (4) 
and (20) hold true, where 





a 2 
> 3/2 _ Bn _ nap EX? J 
Bn = mex, by,» VO<6<1, Jim, a 0, Un 2. Be (29) 
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and 





coo 
EX? 
Sn <1 k < 00. 30 
B(sup (2) ) <16) <0 (o) 

Remark 2.3 Now, we give an example which satisfies the condition of Theorem 2.1, 
Theorem 2.2 and Theorem 2.4 (for ¢(x) = x? and bp = k, k > 1). Consider a sequence of 
independent random variables {Xn} such that for all a > 0 and n > no, 











1 1 
P(Xn =n) = P(Xn = —n) = meen P(X, =0) =1- eae 


for n < no, 





1 
P(X, = 1) = P(X, =—-1) = 5 
It is easy to check that EX, = 0 for all n and 


DX, =1 if n < no, DXn = Teale if n > no. 


Let bk = k, k > 1, then 


no 


ie k PI 2 mr 


by k=no+1 





Remark 2.4 In the Corollary 2.2, we have a smaller factor 16 than the factor 452 (with 
q = 1) in (2.9) of Theorem 2.2 in [3]. In addition, we get the integrability of supremum for 


some dependent random sequences, such as (7), (8), (15), (20), (25), (26), (30). 
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